We study solutions for a rotating string on S 3 with a background NS-NS B-field and show the existence of spiky string and giant magnon as two limiting solutions. We make a connection to the sine-Gordon model via the Polyakov worldsheet action and study the effect of B-field. In particular, we find the magnon solution can be mapped to the excitation of a fractional spin chain.
I. INTRODUCTION
The AdS/CFT correspondence has revealed deep relation between string theory and gauge theory, in particular the correspondence between IIB strings on AdS 5 × S 5 and N = 4
super Yang-Mills theory (SYM) at the t'Hooft large N limit [1, 2, 3] . While the correspondence was mostly tested for those BPS states where partial supersymmetry protects it against quantum correction [4] , semiclassical analysis on the near-BPS sector is also considered in [5] ; the integrability of this Berenstein-Madalcena-Nastase (BMN) limit allows for quantitative tests of correspondence beyond BPS states, where the energy of classical string solutions is compared to the anomalous dimension of SYM operators with large R-charge.
On the other hand, intimate relation between SYM dynamics and integrable spin chain was realized in [6] , where the planar limit of the dilatation operator was identified with the Hamiltonian of integrable spin chains. The correspondence between rotating string and spin chain was further explored in many papers, see [7, 8, 9, 10, 11, 12, 13, 14, 15, 16] for a sample of it. Recently, a giant magnon solution carrying momentum p was first found on S 2 with dispersion relation [17] :
where both energy E and R-charge J becomes infinite as λ stays finite but large. In addition,
an infinitely winding solution with spiky configuration was also found with dispersion relation [18] :
for angular difference between two spikes ∆φ and spike heightθ 0 . In fact, both solutions can be obtained from the same rotating string at different limits. Since then many papers have been devoted to this study [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46] . In particular, solutions with nontrivial NS-NS B-field were also investigated in various context, such as in the Melvin twisted background [28, 34] , Lunin-Maldacena background [24] , and S 2 with NS-NS B-field [34] . In this paper,
we consider a rotating string on S 3 with background NS-NS B-field. This background can be obtained in the type IIB strings with appropriate embedding ansatz. We obtain both solutions of spiky string and giant magnon as two limiting cases, providing appropriate choice of integral constants. As an integrable system, we find it is straightforward to write down the corresponding sine-Gordon model upon a redefinition of mass of sine-Gordon field, and the scattering and bound state of magnons are ready to be translated into solutions of multikinks. In the spirit of the AdS/CFT correspondence, we also expect the existence of a dual description given by a SYM deformed by such B-field. This conjecture is later supported by providing a dictionary established between dispersion relation of magnon solution in the gravity side and excitation of spin chain formed by the long trace operator in the proposed
The outline of this paper is as follows: first in the section II and III, we present a rotating string solution on different coordinate systems of S 3 with NS-NS B-field using the NambuGoto string action. In the two limiting cases, we obtain the solution for spiky string and giant magnon. In the section IV, we take advantage of the Polyakov action in order to make a connection to the sine-Gordon model. In the section V, we investigate the obtained solutions within the description of spin chain, and conjecture the existence of a B-deformed super Yang-Mills theory, which is dual to our string background with NS-NS B-field. At last, we have a discussion in the section VI.
II. STRING ON S 3 WITH B-FIELD
We consider a rigid string rotating on S 3 with background NS-NS B-field. The relevant metric reads,
with magnetic NS-NS B-field
This background can be obtained from the type IIB strings with appropriate embedding ansatz. One possible construction is to consider a near-horizon geometry of intersecting NS1 and NS5 branes [47, 48] . The magnetic component of NS-NS flux supported by NS5
branes fills the S 3 with constant field strength, while the electric component is decoupled from the string worldsheet.
The corresponding Nambu-Goto (NG) Lagrangian is
is also a divergent quantity. Their combination, however, renders a finite value:
The spiky string can be visualized as a string wrapped around the equator an infinite number of times, as shown in the Fig. 1 . The divergent quantities E and ∆φ are due to the infinite length of string. However, the latitude angle from peak of spike to the north pole is nothing but ϑ 0 , which stays finite. This relation holds independently from the B-field.
Moreover, the angular momenta of string, J 1 and J 2 , are also divergent in general, except for two special values of parameters. In the first case, B-field is absent, i.e. b = 0, and we have the dispersion relation analog with that of single spiky string [18] 
However, in this analog, J 1 is related to the energy of spiky string and the momentum of spiky string can also be identified as p = π − 2ϑ 0 . In the other case, we have ν and ν 2 = −bκ, which, however, reduces to a trivial configuration, namely ϑ 0 = π/2 and
In general, one can use E to regularize J 1 and J 2 as follows:
and to derive the dispersion relation:
In order to picture the explicit profile of spiky string, we can integrate (12) and obtain a relation between σ and ϑ
where there is no bound for σ. In fact, one can easily see that σ → ±∞ as ϑ →
. The relation for ϕ is complicated but can be obtained by iteration.
B. Giant magnon
The other choice of parameter, corresponding to giant magnon, is for κ = ν 1 and C 2 = C 1 + bν 2 . We then obtain
where
The conserved quantities, energy and two angular momenta, are given as follows:
We have string configuration plotted in the Fig. 2 for various values of B-field. The longitude angle spanned between two ends of string is
where the momentum of magnon is identified as p = π − 2ϑ 1 . This relation again holds independently of the B-field. The energy, E, and one angular momentum, J 1 , are divergent.
However, we can rescale energy as
and then obtain the following dispersion relation:
Similarly, for the explicit profile of giant magnon we can integrate (24) and (25), then we have simple relations:
This implies the finite range of σ, i.e. |σ| ≤ π/2 − ϑ 1 .
In this section, we study a rotating string in a different coordinate system. Let us transform S 3 to a new angular coordinate system: such that the S 3 metric is written as the Hopf fibration 3-sphere
and the B field becomes
Straightforwardly, the solution is transformed as follows:
Instead of repeating the same calculation, we now consider a more general background
which recovers the S 3 case for the special values
Assuming a typical form of solution
the general solution for ψ ′ is
which is solved from the equation of φ. 3 The expression of θ ′ is
Let us analyze the boundary conditions at the equator; at θ = π, we generally have a fixed values for ψ ′ = 1 and θ ′ = 0, regardless of the parameters. In order to relax this restriction, we should impose
and then ψ ′ and θ ′ become
2 The parameters b 0 , b 2 do not appear in the solution since they effectively are total derivative terms in the NG action. 3 There is another version of solution by solving equation of ψ:
which is inverse of the solution from equation of φ together with changing parameters (
, one obtains the desired ψ ′ . This duality can be understood as exchange of coordinates φ and ψ, while B-field has to flip the sign simultaneously.
Now we can avoid θ ′ to be vanishing at the equator if one can factor out (1 + cos θ) from the square root. This requires
which give two possible constraints
Together with the constraint (44), we arrive at two choices of parameters corresponding to spiky string and giant magnon respectively:
A. Spiky string
The spiky string is given by the first choice in (49),
and the θ ′ and ψ ′ are simplified as
The energy of spiky string is
However, for the particular values:
which is consistent with (14) with opposite sign due to the different branch solution of θ ′ .
Unlike the energy, the angular momenta do include contribution from b 0 and b 2 , therefore be more complicated. Their expressions are
and
For the 3-sphere case: k = 1/2, b 0 = −b 1 = b/4, b 2 = 0, the coefficients reduce to
,
The second choice of parameters, κ = k(µ 1 − µ 2 ), C 2 = C 1 k − b 1 µ 2 , gives giant magnon which simplifies θ ′ and ψ ′ as
The energy of the magnon reads
For the particular values:
which is identical with (27) .
The angular momenta again include contribution from b 0 and b 2 . Their expressions are
For the 3-sphere case:
and the angular momenta become
Similarly, the following combinations of angular momenta
are identical to (28) and (29) respectively.
IV. RELATION TO SINE-GORDON MODEL
In order to make connection to the sine-Gordon model [49] , it is convenient to use the Polyakov action
supplemented by the Virasoro constraint:
Now we will work with a similar, but slightly different embedding ansatz:
From the Virasoro constraint, one obtains the relation
and the equation of motion
The rest of equations of motion read
In order to have desired boundary condition, i.e. ϑ ′ = 0 at ϑ = π/2, one should impose the following constraints on the parameters
which, together with the constraint (78), leads to two possible solutions
corresponding to spiky string and giant magnon respectively. The value of B in both cases is chosen to avoid divergence of ψ ′ 2 at the equator. We also explicit the evaluation of worldsheet action for later use,
A. Spiky String
With the choice of βκ = −αν 1 , A = α(κ + bν 2 ), B = −αbν 1 and a turning point at ϑ = π/2, we claim to have a spiky solution:
We may find solution of ϑ,
The worldsheet action reduces to
If we impose (
) and define the field
then we recover the sine-Gordon equation,
The conserved quantities can be computed by the following formula
which give exactly the same results as in NG formulation.
Now we are ready to identify a spiky string as a kink or soliton of mass parameter
where a plus (minus) sign is assigned to (anti-)kink solution.
With the choice of κ = ν 1 , A = −βν 1 + αbν 2 , B = −αbν 1 and a turning point at ϑ = π/2, we claim to have a magnon solution:
Therefore, if we define the field
then the sine-Gordon equation is recovered,
Once again, we will have the same physical quantities with C 1 = −βν 1 /α. 
and scattering between magnon and anti-magnon is 
VI. DISCUSSION
We have studied a rotating string on S 3 with background NS-NS B-field and found solutions of spiky string and giant magnon as two limiting cases. The dispersion relation between regularized conserved charges is still in a simple expression but refined by (101).
It is interesting to compare our results with those from other deformed backgrounds with nontrivial NS-NS B-field. In the Lunin-Maldacena background, for instance, β-deformation causes a shift in the magnon momentum [24] , and the dual field theory is the N = 1 SYM, which is marginally deformed from N = 4. In our background, B-field has the effect of recaling string tension, and we have suspect a B-deformed SYM to be the dual description, justified by matching the dispersion relation on both sides.
We also succeeded in mapping our solutions into the kink solutions in the associated sine-Gordon model. With the replacement of mass parameter m b , one is ready to study scattering as in [17] .
As a future direction, it might be interesting to investigate the finite size effect to our solutions [21, 44] , where one expects to set one of turning points to be located at some other θ instead of the equator. Moreover, by rewriting S 3 as a Hopf fibration, we are able to carry out our results to the study of rotating string on other backgrounds such as deformed AdS 3 × S 3 [51] or AdS 4 × CP 3 [52, 53] . This work is in progress.
